RHBNC-TH-96-2. 



SYMPLECTIC EMBEDDINGS AND SPECIAL 
KAHLER GEOMETRY OF CP{n - 1, 1) 



W. A. Sabra* 



Royal HoUoway and Bedford New College, 
University of London, Egham Surrey, 
TW20 OEX, United Kingdom. 



ABSTRACT 

The embedding of the isometry group of the coset spaces jj^^^'^i^^'^ 
Sp{2n + 2, R) is discussed. The knowledge of such embedding provides a tool 
for the determination of the holomorphic prepotential characterizing the special 
geometry of these manifolds and necessary in the superconformal tensor calculus 
of = 2 supergravity. It is demonstrated that there exists certain embeddings 
for which the homogeneous prepotential does not exist. Whether a holomorphic 
function exists or not, the dependence of the gauge kinetic terms on the scalars 
characterizing these coset in = 2 supergravity theory can be determined from the 
knowledge of the corresponding embedding, a la Gaillard and Zumino. Our results 
are used to study some of the duality symmetries of heterotic compactifications of 
orbifolds with Wilson lines. 
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1. INTRODUCTION 



In recent years, special geometry has emerged as an important structure in the 
study of extended supergravity, superstrings and topological field theories . The 
moduli space of (2, 2) superconformal field theories with central charge c = 9 ex- 
hibits special geometry. Special geometry played an important role in the analysis 
of Calabi-Yau threefolds in relation to mirror and generalized duality symmetries 
[3,4]. More recently, special geometry provided a useful tool in the study of the 
quantum moduli space and obtaining exact solutions of low energy effective actions 
for TV = 2 rigid [5] and local TV = 2 Yang Mills theories [6,7]. 

The concept of special Kahler geometry first appeared in the physics literature 
in the analysis of = 2 supergravity models [8,9,10]. There special Kahler mani- 
folds are defined by the coupling of n vector multiplets of the gauge sector of the 
theory to = 2 supergravity. The lagrangian of the theory was derived using the 
superconformal tensor calculus [8] . In this method one starts with an action invari- 
ant under the N — 2 superconformal group in four dimensions. Then with gauge 
fixing conditions, the resulting action is only invariant under super-Poincare group 
as required. If we ignore the hypermultiplets, the theory contains (n -|- 1) vector 
multiplets with scalar components , (/ = 0, • • • , n), where the multiplet labelled 
by corresponds to the graviphoton and contains a scalar and a fermion to be 
gauge fixed in order to break dilatations and the U{1) symmetry of the supercon- 
formal group and the a i?-symmetry in the fermionic sector of the theory. It was 
found that the couplings can be described in terms of a prepotential F which is a 
holomorphic function of degree two in terms of the scalar fields, each of weight one. 
The physical scalar fields define an n-dimensional complex hypersurface defined by 
the gauge fixing condition 

i{X^Fi - FjX^) = 1. (1.1) 

Letting the X^ be proportional to holomorphic sections Z^{z) of a projective {n + 
* for a review see [1,2] and references therein. 
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l)-dimensional space [14], where z is a set of n complex coordinates, then the z 
coordinates parametrize a Kahler space with metric g^p = dad^K, where K, the 
Kahler potential is expressed by 

K= - \ogi\z^ Fi{Z) - Fi{Z)Z^ 



Special coordinates correspond to the choice 

= Z\z)^l, Z%z)^z-. (1.3) 

The homogeneous symmetric manifolds with the special geometry structure were 
classified in [11] with appropriate holomorphic functions. 

The gauge kinetic terms corresponding to the (n + 1) vector multiplets in an 
N = 2 supergravity encoded in the matrix J\f is given by 

TV;,- = Fi, + — , ^ . 1.4 

^ ^ {ImFah)X^X^ ^ ' 

The intrinsic definition of special Kahler geometry in terms of symplectic bun- 
dles was later given [13] in connection with the geometry of the moduli of Calabi- 
Yau spaces where special Kahler manifolds were associated with the moduli space 
of the Kahler or complex structure. In this approach the symplectic symmetry is 
inherited from the symmetry of the homology cycles. Also a special coordinate- 
independent description was given in [14], where special geometry was obtained 
purely from the constraints of the extended N = 2 supersymmetry in the non- 
linear sigma models associated with an arbitrary number n of vector multiplets 
of a four dimensional supergravity. In this formalism, the underlying symplectic 
Sp{2n + 2, R) symmetry is related to the duality transformations of the gauge 
sector as discussed in [15]. 
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In fact the relation between the above mentioned approaches can be under- 
stood from the fact that on the same Calabi-Yau manifold, both heterotic and 
type-II superstrings can be compactified, giving low-energy effective theories with 
A'^ = 1 and N = 2 respectively. Therefore although the effective action of het- 
erotic compactification does not have the N — 2 structure, its moduli space must 
be compatible with the N — 2 supersymmetry, giving it the special structure 
[16,17,18]. The special geometry structure can also be shown to be a consequence 
of the underlying (2,2) world-sheet supersymmetry [19]. 

The only special Kahler manifolds which are of a direct product form are given 
by [12] 

bK{n + l)- ^^^^ S0{2) X SO{ny ^^'^^ 
These cosets are of fundamental importance in superstring theories, those with 
n — 2,4, describe the moduli spaces oi N — 1 heterotic string compactifications. 
They also arise in the study of heterotic N — 2 superstring compactification, 
where the '^^^^'■^^'^ represents the dilaton-axion vector multiplets and the other factor 
parametrize toroidal and possible Wilson- line moduli. 

A method of constructing the holomorphic prepotential for the manifolds SK{n+^ 
1) has been given in [20]. This construction is inspired by the method of Gaillard 
and Zumino [15] of constructing the gauge couplings in an abelian gauge theory 
with scalars parametrizing a coset space. In this method, the duality transfor- 
mations on the gauge fields are parametrized by the embedding of the isometry 
group of the coset space parametrized by the scalar fields in Usp{n,n). Such an 
embedding is crucial in fixing the lagrangian of the theory which produces duality 
invariant equations of motion. 

In the context of determining the holomorphic function encoding the special ge- 
ometry of the cosets SK{n+l)[20], one introduces the symplectic section {X^, Fa) 
and demands that it transforms as a vector under the symplectic transformations 
induced by the embedding of the isometry group of SK{n into the symplec- 
tic group 5^(271 -I- 2, R). These transformations are then used to fix the relations 
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between F\ and X^. Clearly different embeddings lead to different relations, and 
where an F function exists, to different F functions. In [22] the results of [20] were 
extended to the other infinite series of special manifolds, CPn-i^i — jj^i^^gijf^ji^ ■ 

In this paper we concentrate on the special Kahler manifolds CPn-i,i, the 
construction of the corresponding kinetic terms for the scalars and gauge fields 
in the corresponding N = 2 supergravity. We also discuss the relevance of our 
formalism to the study of duality symmetries in orbifold compactifications with 
Wilson lines. 

This work is organized as follows. In section two we review the construction of 
[22]. We give three embeddings of the isometry group SU{1, n) into the symplectic 
group Sp{2n + 2,R). This construction is then applied to the simplest example 
^^^^i^^ and we rederive the familiar duality symmetry of this model. Section 
three contains an explicit calculation for the gauge kinetic couplings of the N = 2 
supergravity theory whose scalars parametrize the coset CP{n—l, 1). This gives an 
emphasis on the importance of the embedding in the calculation of the lagrangian 
in cases where a holomorphic function F does not exist. Moreover, CP^i-i,! appear 
as submanifolds in heterotic string compactifications on orbifolds with Wilson lines 
[27,28]. The duality symmetry of these models can be determined from the study of 
the their mass spectrum. In section four we will study these duality transformations 
using the methods of special geometry. In this formalism, the duality symmetries 
are much easier to analyze, in particular for the cases with more than one Wilson 
line. Section five contains a summary of our results and conclusions. 
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2. SYMPLECTIC EMBEDDINGS 

The isometry group of the cosets CPn-i^i is given by the group SU{l,n). An 
element of SU{l,n) is represented by an (n + 1) x (n + 1) complex matrix M 
satisfying 

M^TjM^T], detM=l, (2.1) 

with T) is the constant diagonal metric with signature (+,—,••■,—). Decomposing 
the matrix M into its real and imaginary part, 

M^U + iV, (2.2) 

then the first relation in (2.1) implies for the real (n+ 1) x (n+ 1) matrices U and 
y, the following relations 

U*r]U + V*riV = rj, 

(2.3) 

U*r]V - V*r]U = 0. 

An element fl of Sp{2n + 2, R) is a (2n + 2) x (2n + 2) real matrix satisfying 

n'Ln = L, ^=(^_°i ly (2-4) 

If we write 

I) (2.5) 

where the matrices A, B C and D are (n + 1) x (n + 1) matrices, then in terms of 
these block matrices, (2.4) imphes the following conditions 

A^C - &A = 0, A^D - &B = 1, B^D - D^B = 0. (2.6) 

An embedding of SU{1, n) into the symplectic group Sp{2n + 2, R) is given by 

A^U, C^-r]V, B^Vr], D^rjUrj. (2.7) 

Consider the embedding fig with matrix components given in (2.7), and in- 
troduce the symplectic section (X^, Fa) which transforms as a vector under the 
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symplcctic transformations induced by fie- These transformation rules can then 
be used to determine the relation between F\ and the coordinates X^. In compo- 
nents, these transformations are given by 

X ^UX + Vr]dF, 

(2.8) 

dF -rjVX + rjUrjdF, 

where X and dF are (n + l)-dimensional vectors with components X^ and Fa 
respectively. It is clear that the transformation relations (2.8) imphes that dF can 
be identified with ir]X, in which holomorphic prepotential F exists and is 

given, in terms of the coordinates X, by 

F = '-X'rjX. (2.9) 

With the above relation, the complex vector X transforms as 

X ^ (U + iV)X ^ MX, (2.10) 

which implies that X should be identified with the complex coordinates which 
parametrize the u(i^^gij(^^^ coset. These complex coordinates satisfy the fol- 
lowing relation 

/ 00 \ 

(p^Tjcf) = 1, where = : , (2.11) 

and are parametrized in terms of unconstrained coordinates z"' by [26] 

^^-^ ^ - ^ a = 1, ■ ■ ■ , n, (2.12) 



where Y — 1 — Ylia^'^^°'- Here we identify X with the complex vector The 
special coordinates in this case are given by 2;" and thus — 1, Z°' — z"^ , and 
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the Kahler potential is given by 



K ^ -log{l-J2z"^'')- (2-13) 



A different embedding of SU{1^ n) into Sp{2n-\-2, R) leads to a different relation 
between Fa and X^. In fact once an embedding is specified, then for all elements 
S e Sp{2n + 2, R), the matrix 

Q!^ = SQeS''^, (2.14) 

provides another embedding with a corresponding symplectic section. As an ex- 
ample, consider the element 



E 

5i = I I , with 

E 

1 \ /X (2-15) 

1 V 1 -1 



Using (2.14) and (2.15) another embedding of SU{l,n) into Sp{2n + 2, R) can be 
obtained and is given by 

, EC/E EFr/E \ 
^'e={ ^ ..^ ^ ■ (2-16) 



-EryFE Er/C/r/E 



For this embedding, we define a new section {X', dF') which transforms as a vector 
under the action of fig. Clearly, the two sections (X, dF) and {X\ dF') are related 
by the following relations 

X' = EX, {dF)' = HdF. (2.17) 
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These in componenets lead to the relations 



v2 



,n 



(2.18) 



Fj = = -iX^ = -iX'K 

Prom these relations, it can be easily seen that there exists a holomorphic prepo- 
tential F' which can be expressed in terms of X' by 



i=2 

For this parametrization, we have 



1 ^ 

F' = !(x'»Jf"-ij](X'^yj. (2.19) 



z'» = i, z" = iq:^, = (2.20) 

and the Kahler potential is given by 

K^- log(Z'i + - J] Z'^Z'^). (2.21) 

i 

In general given two sections related by a symplectic transformations as follows 

(2.22) 

Then it can be shown that [1] the relation between the corresponding holomorphic 



x'\ (xy\(x 

dF' I ~ \ Z T J \ dF 
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functions is given by 

1 / Z^X Z*Y\ f X\ 

F'^^iX dF){ ^ 1 . (2.23) 

Moreover, it can be shown [8] that a holomorphic prepotential F' exists such that 

dF' 

Fi = ^, (2.24) 

provided the mapping X^ X'^ is invertible. 

Using (2. 9), (2. 23) and the symplectic transformation given in (2.15), the ex- 
pression of the holomorphic function F' given in (2.19) can be verified. 

As a demonstration of the above calculations, we work out the familiar example 
^^^{^"^ and derive the duality symmetry action on the modulus of this coset which 
is the special coordinate corresponding to the two embedding described above. 
This example appears in string theory in the description of the moduli spaces of 
heterotic string compactification as well as the moduli space parametrized by the 
complex dilaton-axion field. 

First, let us define the special coordinates t = Eq. (2.8) give the following 

X 

transformation for the coordinates {X^,X^) 

\zi\^ -\Z2\^ ^l. (2.25) 





This gives for the special coordinates the following transformation 

^ ^ Z2 + Zit 

Zl + Z2t 

The Kahler potential in terms of t is given by 



(2.26) 



K ^ - \og{l-t£). (2.27) 
In the coordinate system {X'^ ^X'^) corresponding to the embedding (2.16) for 
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the SU{1^ 1) case, define a new special coordinate T — If we write 



{z\ + Z2) = {d + ic), 
[zi - Z2) = (a - ih). 



(2.28) 



Tfien tfie condition zizi — Z2Z2 — 1, implies that ad — be — 1. Using (2.16) we 
obtain the following embedding in 5*^(4, R), 



SU{1,1) 



/d 





c 


\ 





a 





-b 


b 





a 





u 


— c 





d ) 



(2.29) 



This gives using (2.19), the following transformations 

X'^ ^dX'^ + icX'\ 
X'^ ^ -ibX'"" + aX'\ 



(2.30) 



Prom which we obtain the familiar 51/(2, R) transformation for the T moduli 

aT -ib 



T 



icT+d 



(2.31) 



It is clear that the above two formahsms are related by the holomorphic field 
redefinition 

" ^ ~ ^ (2.32) 



1 + t 



In what follows wc will discuss a certain embedding for which a holomorphic 
prepotential does not exist [6]. Remaining with the ^^^^{^^ example, consider the 
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matrix 



/d c 0\ 

d c 

b a 

\0 b a/ 



(2.33) 



it is clear that (using ad — be = 1) it provides an embedding of SU{1, 1) in 5*^(4, R). 
The transformation of the corresponding symplectic vector, (X"^, Fj[), gives 



X' 



//O 



X 



111 



dX"^ + cF^, 
dX"'' + cF[', 
bX"^ + aF^', 
dX"^ + aFl 



(2.34) 



which imphes that Fq and X"^ are respectively proportional to and X"^ ^ and 
therefore a holomorphic prepotential does not exist. 

For the SU{1, n) case, the embedding for which an F function does not exist 
can be obtained from the embedding ilg using (2.14) for 5" = 5*2 € Sp{2n + 2,R) 
given by 



^2 



Z 



X 




with X 



V2\o oy ' 





Y 




j_ /O 
V2\l -1 



(2.35) 



The new section {X"^, F^) corresponding to the embedding 



fig — S2^eS2 ^' 



(2.36) 
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can be expressed in terms of {X , Fa) by 



yv — 










>^-.°) = 






x"^ = 




•,n 




K' = 
















f; = 









Using (2.9), (2.23) and (2.35), it can be shown that F" = 0. Notice that the 
mapping X^ — > X"^ is not invertible. 
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3. Gauge Kinetic Couplings in N = 2 supergravity 



In this section we discuss the gauge kinetic couphngs of N = 2 supergravity in 
the formaUsm of the theory corresponding to the various embeddings considered 
in the previous section using the method of [15]. We demonstrate that the same 
results can be obtained directly using the method of special geometry where the 
formalism admits a holomorphic prepotential. 

The action for the gauge part of the theory which also has a set of scalars 
spanning an m-dimensional manifold can be written using the notation of [1] as 

(3.1) 

where /, J label the gauge fields, and J^^j^ denotes the field strength. Here ImMij 
and ReHij are, respectively, field dependent generalization of the inverse squared 
coupling constant and the ^-angle in standard gauge theories. 

The Bianchi identities and equations of motion are given, respectively, by 

d^'ImJ^+J = 0, 

(3.2) 

d^,Img1''j = 0, 

where 

The set of equations in (3.2) is invariant under GL{2n, R) transformations: 

(3.4) 

To preserve the relations (3.3) under the action of the above transformation implies 
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that the gauge kinetic couphng matrix must transform as 

U^{C + DN){A + BM)-'^. 



(3.5) 



Moreover, the fact that the matrix J\f is symmetric restricts the group of general 
hnear transformations to Sp{2n, R). 

The construction of the lagrangian (3.1) amounts to the determination of the 
dependence of J\f on the scalar fields. Such dependence should produce the trans- 
formation law of A/" defined in (3.5). Suppose that the scalar fields are valued in 
the coset space ^. The part of the lagrangian involving the scalars only is in- 
variant under the isometry group of the coset. The isometry group action on the 
gauge part of the theory must correspond to a duality transformation as given in 
(3.4). Therefore one has to imbed the isometry group into the group Sp{2n, R) or 
Usp{n,n) [15, 2]. An element of Usp{n,n), we call S, is a complex matrix which 
satisfies the symplectic condition (2.4) together with the condition 



SUS = J, J = i I . (3.6) 




An element of Usp{n,n) can be given in terms of Q e Sp{2n,Ii) defined in 
(2.4) by 



- — (^ il 



S = C»C-\ C = -^(^^ (3.7) 

This gives, for instance, for ilg € Sp{2n, R) defined in (2.7) an element in Usp{n, n) 
given by 

1 I U — iVt] — ir]V + rjU r) U + iVrj — ir]V — rjU r] \ 

<S = — I j . (3-8) 

2 \U — iVr] + irjV — rjU i], U + iVrj + irjV + rjU r] I 

If we associate to the coset representative of ^ an element in U sp{n, n) given by 

(3.9) 
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It can then be shown that the matrix M is given by [2, 15], 

AA = i(at + 6t)-i(at-6t). 



(3.10) 



Let us consider the construction of the gauge kinetic matrix for the simplest 
case where we have one physical scalar field parametrizing the coset ^^jj^^- An 
element of 5'C/(1, 1) is given by the following matrix 



Ml 



Z2 Zl 



I- |2 I- |2 1 
\Z\\ - \Z2\ = 1. 



Using (2.7) an embedding of Mi in S'p(4,R) can be given by 



/ Ul U2 Vl V2 \ 
U2 Ul V2 Vl 
-Vl V2 Ul -U2 



\ V2 —Vl —U2 Ul j 

where we have decomposed Mi into its real and imaginary part 



(3.11) 



(3.12) 



Zl = Ml + ivi, 



Z2 = U2 + iV2- 



(3.13) 



Eq. (3.7) or (3.8) gives for Mi, the following embedding in Usp{2,2) 



Si 



(Zi Z2\ 

Zl Z2 

Z2 Zl 

V^2 Zl) 



A coset representative of '^^^^^"^^ can be given by 



Wi 



^)0 01 
a ^0 



(3.14) 



(3.15) 



where 0o and 0i are as given in (2.12). The corresponding element for the coset 
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representative in U sp{n, n) is given by 



/0O 

0° 01 

0^ / 

V<^i (jP J 



(3.16) 



Using the expression (3.10), with a and h given by 



0i 



(3.17) 



we obtain for the gauge kinetic matrix 



^ / l</^ ; + 

i /(XO)2 + (Xi)2 -2X0X1 

(X0)2 - (Xi)2 y -2X0X1 (X0)2 + (Xi)2 

i / 1 + ^2 -2t 
(T^l -2t 1 + ^2 



(3.18) 



Another embedding of Mi in S'|)(4, R) can be obtained using (2.16) for the 
SU{1, 1) case, this is given by 



Vt'i 



/ Ui + U2 V1+V2 \ 

Ul — U2 Vl — V2 

V2 — Vl Ul — U2 

\ -(fl+f2) + 



(3.19) 
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and the corresponding embedding in Usp{2, 2) is given by 



(zx 2:2 \ 

zi -Z2 

^2 21 

V -^2 zx j 



(3.20) 



The corresponding element for the coset representative in Usp{2, 2) is given by 



((fP 0i \ 

0° 

^1 / 

V 00 y 



(3.21) 



This gives using (3.10) the following gauge kinetic matrix 



X 











7T 



T 
^ 



IS 



(3.22) 



The embedding given in (2.33), for which a holomorphic function does not 
exist, give for an element of SU{1, 1) an embedding in Usp{2, 2) given by 



(3.23) 



Zi Z2 

Z2 Zi 

\0 Z2 ZiJ 

In this case, the coset representative of has the following embedding in 
Usp{2,2) 

/0O \ 

0° 0i 

01 0° 

V 01 0V 



(3.24) 
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and the gauge kinetic terms for this embedding are given by 



N" 






(3.25) 



Notice that the matrix M for the case where the F function does not exist can be 
determined from the knowledge of the corresponding embedding. 

SU{1.2) 



As another example, consider the coset tttt\ rrrrn^- 

^ ' U{1) X SU{2) 

scalar fields and Z^. A coset representative is given by 



parametrized by two 



W2 



a 
c 



b 
dj 



(3.26) 



/0O 01 

This gives for the embedding (2.7), a corresponding element in Usp{3, 3) given by 



W2 = 



/ 


/ 











4>' 












b 















c 


d 


02 













4>' 

























a 


b 


V 


4>' 











c 


d) 



(3.27) 



which produces the following gauge kinetic matrix 



a c 
6 d J 



-0^ a c 

V-02 b d j 



(3.28) 
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which in components gives 

M)0 = ^ {{ad - bc)(f)° -(b + c)(i)U'^ + a{<py + , 



Mo 



5 

-2i{ad - l)c)(:? 



Ml = \ {{ad - bc)<j>'' + {b- c)(^^<t? - a{^^f + d{<l>^f) , (3_29) 



Ml2 = ^(-2c((/*2)2^2#Vj, 

Ml = ^(2a0y- 26(01)2), 

M22 = ^ {{ad - bc)(tP -{b- c)(t>'(t>'' + - , 

5 = {ad-bc)(jP + {b + c)(j^(l? - d{(j)Y - d{(j)^ f. 
Using the following conditions 

ad-bc = (j)^, a(p^ - b(j)^ = dcp^ - c^^ = ^1, (3.30) 

which arise from the fact that W2 is an element of SU{1, 2), eq. (3.29) gives 

.l + (Zl)2+(Z2)2 



Moo = i 



l-(Zl)2-(Z2)2' 



Moi = Mio = -2i 
M02 = M02 = -2z 
Mil =i 



M12 = M21 = 2i 
M22 = i 



l-(Zl)2-(Z2)2' 
Z2 

1- (Zl)2- (Z2)2' 
1 + (^1)2 _ (^2)2 
l-(Zl)2-(Z2)2' 



(3.31) 



l-(Zl)2-(Z2)2^ 
1 _ (^1)2 + (^2)2 
1-(V)2-(Z2)2- 
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Another embedding of the coset representative in U sp{3, 3) can be given using 
(2.16) by 



2 


(fP-a 
2 


b 


0^ 





0i . 


/-a 


00 + a 


b 





-0^ 


02 


2 


2 








c 


c 


d 


02 


02 









V2 









02 


(fP + a 


00- a 




x/2 


2 


2 









02 


00- a 


00 + a 


& 




V2 


2 


2 




02 







c 


c 




x/2 


V2 




V2 



(3.32) 



The gauge couphngs in this case are given by 



ML 



00 



11 



(l-Z 



1\2 



Ki = A/Io 

A/'02 



l-(Zl)2-(Z2)2' 
(^2)2 



'1- (Zl)2- (Z2)2' 

Ko = -^^/2- — - 



02 ''^^l-(Zl)2-(Z2)2' 
(1 + ^1)2 



1 - (Zl)2 - (Z2)2 



^22 = 



l-(Zl)2-(Z2)2' 
l_(Zl)2 + (Z2)2 
1- (Zl)2- (Z2)2- 



(3.33) 



Finally for the embedding (2.33) we get the following element for the coset 
representative in Usp{3,3) 



21 



c 





V2 



.0° - a 



+ a 







—I 



V2 



—I 



_b_ 

h_ 
x/2 



d 

ii 

V2 



—I 



V2 





c 

V2 



^1 

1'2 



—I 



V2 



ii 



l_ 

x/2 



\ 



+ a .6 

-n I 



(3.34) 



and the gauge couplings in this case are given by 



A/'22 



72\2 



' (1 + Z1)2 

(Z2)2 



AA" — 
7Vio — 



Z2 



.l-(Zi)2-(Z 

' (1 + Z1)2 
Z2 



72\2 



1 + Zi' 



(3.35) 



In general we represent the cosets gjj^^^y^ ^(1) ^'^ element 



where 

A' = (0l 02 ... (337) 
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and y is an (n x n) complex matrix satisfying the conditions 



The embedding of Wn in Usp{n + 1, n + 1) is given by 



(3.38) 



/0O 













y 


x^ 








X 















y) 



(3.39) 



The other two embeddings and W^' can be obtained from Wn by the 
following relations 



w" 



C\—CS\C ^, C2 — CS2C ^. 

where C, Si and S2 are given, respectively, given in (3.7), (2.15) and (2.35). 

Having determined the form of the gauge kinetic matrix in the various embed- 
dings considered in this paper, we demonstrate how our results can be obtained 
using the formalism of special geometry. For gjj^^^-^ ^(1) ' holomorphic func- 
tion in the basis X and X' where shown to be given by (2.9) and (2.19). Using the 
expressions of F and F' for the n—1 case, one can reproduce the expressions for 
M and M' in (3.18) and (3.22) respectively. The reader could verify for herself that 
substituting the expressions for the holomorphic functions for the various cosets 
produces the results obtained by using the method of [15]. 

The matrix H' and H" in the basis X' and X" can also be obtained from H 
by performing a symplectic transformation which connects the section (X^, F^) 



(3.40) 
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with {X'^,F^) and {X"^,F^). This gives 



Af' = SATS, 

Af" = {Z + TAf){X + YAfy 
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4. Duality symmetries 

In this section our analysis of the cosets ttmF^^I^}/ \ is used to study a 

U{1) X SU{n) 

subgroup of the duaUty symmetry in heterotic string theories compactified on orb- 
ifolds with Wilson lines [24,27]. In toroidal compactifications [25], one has a set of 
scalar fields, the moduli, which are encoded in the metric of the lattice defining the 
torus and a possible antisymmetric tensor and Wilson lines. The moduli space of 
toroidal compactification [25] is given (locally) by the coset space go(^^i6"^)x';SO(d) ' 
where d is the dimension of the torus upon which the theory is compactified and 
the factor 16 comes from the inclusion of Wilson lines. In orbifold models, the 
twist freezes some of the moduli and thus the moduli spaces of orbifolds have 
smaller dimensions than those of their corresponding toroidal compactifications. 
It can be demonstrated [27] that the moduli spaces of orbifolds can be determined 
from the knowledge of the eigenvalues of the twist and their multiplicities. The 
moduli space of the orbifold (without Wilson lines) are parametrized by the T 
moduli corresponding to the Kahler deformations and the U moduli which cor- 
respond to the deformations of the complex structure. Both moduli spaces are 
given by a special Kahler manifold. The U moduli space is described by the coset 



[/(I) 

.g?7(3,3) 



, and except for the Z3 orbifold, whose T moduli space is given by 
, the T moduli spaces for all symmetric orbifolds yielding 



5[/(3) X 5f/(3) X [/(I 
N = \ space-time supersymmetry are given by the special Kahler manifolds. 

S\J(\,\) S0(n,2) 



Duality symmetries are those discrete automorphisms of the moduli space 
which leave the underlying conformal field theory invariant. One method of deter- 
mining the duality symmetry is to study the mass spectrum of the theory which 
depends on the moduli fields and quantum numbers. Duality transformations are 
identified by those transformations on the moduli fields and quantum numbers 
which leaves the spectrum invariant. 
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In what follows we shall analyze the duality symmetries of the cosets CP{n — 
1,1) which describe a sub manifold in the moduli space of factorizable orbifolds with 
Wilson lines [27, 28]. The examples for n = 1 and n = 2 were studied in details in 
[28] , relying on the mass spectrum of these cosets. Here, we shall reproduce these 
results using the methods of special geometry, as well as the duality symmetry and 
its action on the moduli for any value of n. Clearly the number n, related to the 
number of Wilson lines, is not arbitrary and is constrained by modular invariance. 

The mass formula for any special Kahler manifold was provided in [21]. Once 
a section {X, dF) is specified, based on symmetry arguments, the mass formula 
can be given by 

\m\^ ^\PX + QdF\^. (4.1) 

where (P, Q) is a vector encoding the windings and momenta. Under the target 
space duality group F, the vector [X, dF) transforms by 



(4.2) 



(A' B'\ 

where the matrix I j is the embedding of the duality group in Sp{2n -\- 

\C' D' J 

2,Z). For |mp to be invariant under the duality transformations, {P,Q) should 
transform as follows 








(4.3) 



For F — SU (1, n) and for the embedding defined in (2.7) where the holomorphic 
prepotential given by (2.9) we have 




U' V'f] 
—rjV' rjU't] 
rjU'rj r]V' 
-V't] U' 




(4.4) 
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with U' and V' are integer valued matrices. Using the form of the holomorphic 
prepotential in (2.9), the mass formula can be written as 

|m|2 = |P'*X|2, with P' = . (4.5) 

\Pi ~ Pi ~ ^Qi J 

Under the SU{l,n) transformation 

X MX, M e SU{1, n), (4.6) 

it can be easily shown that the following transformations for the quantum numbers 
hold, 

We now compare these calculations with those of string compactifications. First 
consider the simplest example oi T = SU{1,1). The mass formula is given by 



2 I'^f ~ fT-ct]' t 



2 



where 





(m2 — imiUo + 2in\ui — 2n2UiUo), 

(4.8) 



1 , 

ric = — 1= — {-1712 + imiUo + 2iniui - 2n2UiUo), 
2v2mi 

where we have have set the moduli Uq — ui + iu2, and performed the change of 
variables t = ^ — with T = tj— and (ni, n2, mi, 7712) are the winding and 



1 + T" 2ui 

SUjl,!) 



U(l) 



momentum quantum numbers. Notice that in this example, the cosct 
appears as atruncation of the coset s(f{2)xSO{2) "^^^^ moduli U is fixed to a 
constant value by twisting. That is why rric and Uc are not integer valued. This 
breaks the duality group SU{1, 1,Z) down to a subgroup which depends on the 
value of Uq. For more details the reader is referred to [28]. 
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If we define the action of the duality group on the quantum numbers by 

ui M^ui, (4.9) 
then for \m\^ in (4.8) to be target space duahty invariant, we get 

Si ^ Mr^SiMi*"^ (4.10) 



Prom (4.10) one can extract the duahty transformation for the moduh t. This can 
be easily done by writing 



=^1 



-X 



J(XO -Xi) 



where we have defined t — Then (4.10) together with the relation 

X 



mI ^ = LMiL, L 



1 
-1 



(4.11) 



(4.12) 



give 



X^ 



Ml 



X^' 
X^ 



(4.13) 



a result which agrees with (4.6). 

Next consider a less trivial example given by the coset su^)xu\i) '^^^ mass 
formula in this case is given by [28] 



,2 2\mc- net - QcA\'^ 

\m\ = : -= — = U2^2U2, 



1-tt-AA 
2 



^2 



1-tt-AA 



t tt tA 









rric 


/ 


\Qc) 



(4.14) 



here Qc depends on the embedding of the twist in £"8 x Eg [27] and A represents 
the Wilson line moduli. Again under the duality transformation which is given by 
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a subgroup of SU{1, 2, Z) and parametrized by M2, we have 



U2 M|W2, 



(4.15) 



and 



If we define the moduh fields by 



S2 can be rewritten as 



='2 



and (4.16) then gives 



(XO -X2) 



(4.16) 



(4.17) 



(4.18) 



(4.19) 



which agrees with (4.6). Prom (4.19) one can easily read off the duality transfor- 
mations of the moduli, these are given by 



t - 
A 



Z3 + Z4t + Zr,A 
ZQ + Zlt + Z2A' 

zq + zjt + zgA 

ZQ + Zlt + Z2A' 



(4.20) 



Therefore, for a model with n — 1 Wilson line moduli, where the duality group is 
a subgroup of SU{l,n, Z), eq. (4.6) together with the identification 



(4.21) 



gives the duality transformation for any number of moduli. 
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5. Conclusions 



We have analyzed the special Kahler manifolds, the so-called minimal coupling, 

SU(1 n) 

— - — with regard to the construction of their prepotentials. The prepo- 



U{1) X SU{n) 

tential is a holomorphic function of degree two, expressed in terms of the scalar 
fields parametrizing these cosets, and is essential in the superconformal tensor cal- 
culus oi N — 2 supergravity. The method employed which relies on the embedding 
of the isometry group SU (1, n) into the symplectic group Sp{2n + 2, R) provides a 
powerful tool in calculating the lagrangian of the model. There are certain embed- 
dings for which a holomorphic function does not exist. In these cases the knowledge 
of the embedding is enough to determine the lagrangian of the vectors and scalars 
irrespective of the fact whether an F function exists or not. 

The analysis of these cosets apart from being relevant to iV = 2 supergravity 
models, is also important for the study of a subgroup of the duality symmetries in 
heterotic string compactifications with Wilson fines. The target space symmetries 
are much easier to analyze in terms of the symplectic sections. In terms of the 
coordinates of the section, the duality symmetries are linear and form a subgroup 
of the symplectic transformations. 

Recently, in the analysis of physically interesting problems, the formalism of 
the theory requires the non-existence of the holomorphic function. This was shown 
to be the case in the study of perturbative corrections to vector couplings in TV = 2 
heterotic string vacua [6,7]. The non-existence of the holomorphic function also 
provided a new mechanism in the study of supersymmetry breaking oi N — 2 
supersymmetry down to A'" = 1 [23] . In this sense, our analysis will be relevant in 
the study of quantum corrections of the coupling in the minimal coupling models 
as well as in the study of supersymmetry breaking. 
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